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1 Introduction
In this note, we introduce some new representations of N = 4 supersym-
metry in D = 2. These are characterized by having no N = 2 component
superfields that are chiral or twisted chiral. Such multiplets are important,
because in the N = 4 theory, due to arguments based on the dimension of
the superspace action (see for example [1, 2]), a good deal of the dynamics
of the theory depends simply on the choice of multiplets. Indeed, previously
known multiplets cannot be used to describe generic N = 2, 4 WZW-models
[3],[4].
2 New Representations of N = 4
Supersymmetry
As may be seen from a dimensional analysis of the superspace measure
and the superfield component content, to construct superspace actions for
higher N in D = 2 one needs to find invariant subspaces and corresponding
restricted measures. Such subspaces are analogous to N = 1, D = 4 chiral
and antichiral superspaces. In a series of papers [2, 5, 6, 8], to this end we
have constructed and utilized a projective superspace. In the present N = 4
context it is introduced as follows1:
The complex SU(2) doublet spinor derivatives Da±, D¯
b
±
that describe N = 4
supersymmetry obey the commutation relations{
Da±, D¯
b
±
}
= iδba∂++= (1)
(all others vanish). We will work with N = 2 superfields and identify D± ≡
D1± as the N = 2 spinor covariant derivative and Q± ≡ D2± as the generator
of the non-manifest supersymmetries. As described in [6] we use two complex
variables ζ and ξ to define a set of anticommuting left and right derivatives:
∇+ = D+ + ζQ+ , ∇− = D− + ξQ− ,
1A more detailed discussion may be found in [5].
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∇¯+ = D¯+ − ζ
−1Q¯+ , ∇¯− = D¯− − ξ
−1Q¯− . (2)
A real structure R acts on ζ and ξ by hermitian conjugation composed with
the antipodal map, i.e.;
Rζ = −ζ¯−1, Rξ = −ξ¯−1 (3)
Clearly ∇± = R∇¯±, so R preserves the subspaces defined by the derivatives
(2). We then consider superfields η(ζ, ξ), specify the ζ and ξ dependence
(typically as a series expansion) and require that η is annihilated by the
derivatives in (2). In general, if we write
η =
∑
ζnξmηnm (4)
the N = 4 constraints that η is annihilated by the derivatives in (2) lead to
the component relations
D+ηnm +Q+ηn−1,m = 0, D¯+ηnm − Q¯+ηn+1,m = 0
D−ηnm +Q−ηn,m−1 = 0, D¯−ηnm − Q¯−ηn,m+1 = 0. (5)
We may also specify η further by, e.g., a reality condition such as
η = Rη¯ (6)
To construct N = 4 actions for N = 4 superfields we use a second set of
linearily independent covariant spinor derivatives:
∆+ = D+ − ζQ+ , ∆− = D− − ξQ− ,
∆¯+ = D¯+ + ζ
−1Q¯+ , ∆¯− = D¯− + ξ
−1Q¯− . (7)
An action may then be written as
S =
1
16
∫
d2σ
∫
C
dζ
∫
C′
dξ∆+∆−∆¯+∆¯− L (η(ζ, ξ); ζ, ξ) (8)
where C and C ′ are some appropriate contours.
Using
∆+ = 2D+ −∇+ , ∆− = 2D− −∇− ,
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∆¯+ = 2D¯+ − ∇¯+ , ∆¯− = 2D¯− − ∇¯− , (9)
and (of course) ∇±η = ∇¯±η = 0, the N = 2 superspace form of the action
(8) is:
S =
∫
d2σD2D¯2
∫
C
dζ
∫
C′
dξL (η(ζ, ξ); ζ, ξ) (10)
In [6] this general setting was applied to study a particular η obeying
Rη¯ = (−ζ)−N(−ξ)−Mη, (11)
where the sum in (4) was restricted to be from 0 to N,M . Among the com-
ponent superfields we found the usual chiral and twisted chiral superfields,
as well as semi-chiral and semi-antichiral fields, i.e. fields φ and φ˜ that obey
only
D1+φ ≡ D+φ = 0, D1−φ˜ ≡ D−φ˜ = 0. (12)
Here we further extend the set of N = 4 multiplets to include new types that
contain no chiral or twisted chiral N = 2 component superfields.
We begin with a general multiplet of the type (4). If we further impose
the reality condition (6), then the definition (3) implies
ηnm = (−)
n+mη¯−n,−m. (13)
So far the expansion in (4) is quite general: n and m range over the integer
numbers Z from −∞ to +∞, and we have not worried about convergence
properties, etc. Note that the constraints (5) are translation invariant; this
leads us naturally to restrict the expansion by
ηn+k,m = ηnm (14)
for some fixed k ∈ Z (for η real in the sense of (13), k must be even). We
shall call (14) a left cylindrical constraint. Similarily
ηn,m+k = ηnm (15)
is a right cylindrical constraint and
ηn+k,m+l = ηnm, k, l ∈ Z (16)
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is called a toroidal constraint.
The components of a real η obeying a toroidal constraint will obey the
constraints (5). We see that this only restricts the components’ transfor-
mation properties under the nonmanifest supersymmetries. A dimensional
analysis of the measure in the action (10) shows that we need D± constraints
on the components to generate dynamics. The real toroidal η’s thus corre-
spond to purely auxiliary multiplets.
Cylindrical η’s have some components that are semi-(anti)chiral and may
hence be used to construct dynamical actions. Let us illustrate this in a
particular case. We choose two real η’s with components ηnm and χnm re-
spectively. On the first we impose a left cylindrical constraint (14) with
k = 2 and on the second we impose a right cylindrical constraint (15) with
the same k. We also restrict the m and n range so that we have the following
set of conditions
ηn+2,m = ηnm, ηnm = 0, |m| > 1
χn,m+2 = χnm, χnm = 0, |n| > 1, (17)
in addition to the constraints (5) and (13) (that hold for both ηnm and χnm).
Explicitly this yields
η11 = η¯1,−1 , η00 = η¯00 , η10 = −η¯10 , η01 = −η¯0,−1 ;
D−ηn,−1 = 0 , D¯−ηn,1 = 0 ;
χ11 = χ¯−1,1 , χ00 = χ¯00 , χ01 = −χ¯01 , χ10 = −χ¯−1,0 ;
D+χ−1,m = 0 , D¯+χ1m = 0 . (18)
Note that η00 and χ00 are real while η10 and χ01 are imaginary. We now
discuss what is required from a Lagrangian L(η, χ) for the action (10) to be
N = 4 supersymmetric. From [7] we know that an action constructed out of
ordinary N = 2 (anti)chiral superfields is N = 4 supersymmetric if and only
if the Lagrangian satisfies a generalized Laplace equation. Here we expect to
find some similar requirement.
Because of the issues of convergence that we have ignored, we cannot
simply use the action (8) or its N = 2 reduction (10). We therefore look for
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an invariant action directly. A non-manifest supersymmetry transformation
generated by Q+ acting on L(η, χ) has the following effect
Q+L(η, χ) = −(LηnmD+ηn+1,m + LχnmD+χn+1,m) (19)
where we have used the conditions (5). For the action to be invariant we
require Q+L to be a total (super)derivative, which implies D+Q+L(η, χ) = 0.
This leads to
Lηn+1,mηijD+ηijD+ηnm + (Lχijηn+1,m − Lχi−1,jηnm)D+χijD+ηnm
+Lχn−1,mχijD+χijD+χnm = 0 . (20)
Exploring this equation using the explicit relations (18), we find a set of
equations for the derivatives of L. To present them and their solutions it is
convenient to introduce the following linear combinations of the fields:
η1 = η11 + η01, η0 = η00 + η10, η2 = η11 − η01 (21)
χ1 = χ11 + χ10, χ0 = χ00 + χ01, χ2 = χ11 − χ10 . (22)
Vanishing of the mixed derivatives term in (20) implies the following set of
equations:
Lχ0η0 = Lχ1η0 = Lχ¯2η0 , Lχ¯0η0 = − Lχ¯1η0 = − Lχ2η0 ,
Lχ0η¯0 = − Lχ1η¯0 = − Lχ¯2η¯0 , Lχ¯0η¯0 = Lχ¯1η¯0 = Lχ2η¯0 ,
Lχ0η1 = Lχ1η1 = Lχ¯2η1 , Lχ¯0η1 = − Lχ¯1η1 = − Lχ2η1 ,
Lχ0η¯1 = − Lχ1η¯1 = − Lχ¯2η¯1 , Lχ¯0η¯1 = Lχ¯1η¯1 = Lχ2η¯1 ,
Lχ0η¯2 = Lχ1η¯2 = Lχ¯2η¯2 , Lχ¯0η¯2 = − Lχ¯1η¯2 = − Lχ2η¯2 ,
Lχ0η2 = − Lχ1η2 = − Lχ¯2η2 , Lχ¯0η2 = Lχ¯1η2 = Lχ2η2 .
(23)
The pure η derivatives yield
Lη0 η¯0 = Lη0η¯1 = Lη0η2 = 0 ,
Lη1 η¯0 = Lη1η¯1 = Lη1η2 = 0 ,
Lη¯2η¯0 = Lη¯2 η¯1 = Lη2 η¯2 = 0 . (24)
and pure χ derivatives
Lχ0χ0 = Lχ1χ¯2 , Lχ¯0χ¯0 = Lχ2χ¯1 ,
Lχ0χ¯1 = −Lχ¯0χ¯2 , Lχ0χ2 = −Lχ1χ¯0 ,
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Lχ0χ¯0 = −Lχ1χ¯1 = −Lχ2χ¯2 . (25)
There are also the relations that result from D−Q−L = 0. They can be
obtained from the above via the substitution η ↔ χ (not all equations from
the full set are independent; in particular, the complex conjugate relations
have already been included).
A solution for the supersymmetric Lagrangian L is a linear combination
of the following fuctions L1, L2, L3, L4 (and the corresponding complex con-
jugate expressions):
L1(η) =
∫
dξ L1
(
ξη1 + η0 +
1
ξ
η¯2); ξ
)
, (26)
L2(χ) =
∫
dζ L2
(
ζχ1 + χ0 +
1
ζ
χ¯2); ζ
)
, (27)
L3(η, χ) = L3
(
η1 + η0 + η¯2, χ1 + χ0 + χ¯2
)
, (28)
L4(η, χ) = L4
(
η1 − η0 + η¯2, χ¯1 − χ¯0 + χ2
)
. (29)
Since the fields ~yi = (χ0, χ¯0, η0, η¯0) are unconstrained, their equations of
motion will imply:
Lχ0 = Lχ¯0 = Lη0 = Lη¯0 = 0 (30)
As long as Lyiyj is nondegenerate we can solve these for yi in terms of the
remaining fields ~x = (~χ, ~η)
~χi = (χ1, χ¯1, χ2, χ¯2) , ~ηi = (η1, η¯1, η2, η¯2) (31)
and replace yi in the Lagrangian.
To interpret these results, we start from the N = 2 superspace reduction
and continue down to N = 1 superspace in the standard way. N = 1
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superspace derivatives ∇ and extra supersymmetry generators Q are defined
as
∇ ≡ D + D¯ , Q ≡ i(D − D¯) , (32)
Starting from (10) we obtain
S =
∫
d2σ∇+∇−Q+Q− L(xi, yj(xi))
=
∫
d2σ∇+∇−
(
Mxixj(xk) Q+xi Q−xj + Lxi Q+Q−xi
)
. (33)
where
Mxixj (xk) = Lxixj − Lxiyk
(
Lylyk
)−1
Lylxj (34)
We now use the constraints (18) to eliminate the extra supersymmetry gen-
erators Q in terms of N = 1 ∇-derivatives wherever possible and integrate
by parts to rewrite the action as
S =
∫
d2σ∇+∇− (∇+ ~χi Aij ∇−~ηj +∇+ ~χi Bij Q− ~χj +∇+~ηi Cij Q− ~χj
+Q+~ηi Dij ∇−~ηj +Q+~ηi Eij ∇− ~χj +Q+~ηi Fij Q− ~χj) (35)
where A,B,C,D,E, F are 4× 4 matrices:
Aij = (IMI)χiηj , Bij = [I,M ]χiχj ,
Cij = −(MI)ηiχj , Dij = −[I,M ]ηiηj ,
Eij = −(IM)ηiχj , Fij =Mηiχj , (36)
and
I =
(
J 0
0 J
)
, J =


i 0 0 0
0 −i 0 0
0 0 i 0
0 0 0 −i

 . (37)
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The fields with explicit Q generators remaining are auxiliary spinors, and
may be eliminated by completing the square to obtain:
S =
∫
d2σ∇+∇−(∇+~χiAij∇−~ηj
−(∇+~χiBik +∇+~ηiCik)(Flk)
−1(Dlj∇−~ηj + Elj∇−~χj)) (38)
The matrix Fij is invertible as long as
Lη0η1 6= Lη0η¯2 ,
Lχ0χ1 6= Lχ0χ¯2 ,
Lη0χ0 6= 0 , Lη0χ¯0 6= 0 , (39)
(and their complex conjugates) are satisfied 2. The explicit expressions for
the action (26),(27),(28) and (29) show that these conditions are generically
satisfied by our Lagrangian. We can write the final N = 1 superspace action
in the form
S =
∫
d2σ∇+∇− (∇+xi Tij(xk) ∇−xj) , (40)
where the matrix Tij has 4× 4 blocks given by:
T =
(
−BF−1E A− BF−1D
−CF−1E −CF−1D
)
(41)
The extra supersymmetry generators Q are given by:
Q+~x =
(
J 0
−F−1
t
Bt −F−1
t
Ct
)
∇+~x (42)
Q−~x =
(
−F−1E −F−1D
0 J
)
∇−~x (43)
2This relations are not obvious, and were found using the algebraic manipulation pro-
gram Maple.
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Here we have used the vector notation from (31) once again, and J is defined
in (37). The expressions for the remaining supersymmetry generators Q±
and Q¯± may be obtained from (5),(32) and (42),(43):
Q+~η =


−1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 −1

D+~η,
Q+~χ =


0 0 0 0
0 −1 0 0
0 0 0 0
1 0 0 0

 (Lyy)−1 (Lyx)D+~x , (44)
Q−~χ =


−1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 −1

D−~χ,
Q−~η =


0 0 0 0
0 0 0 −1
0 0 0 0
0 0 1 0

 (Lyy)−1 (Lyx)D−~x , (45)
where (Lyx) is the matrix with entries Lyixj , etc. , and D =
1
2
(∇− iQ). In
N = 1 superspace, extra supersymmetries correspond to complex structures;
we may read off the left and right complex structures JA
±
fromQA
±
~x ≡ JA
±
∇±~x
(with QA = {Q, (Q+ Q¯), i(Q− Q¯)}) [2].
Other N = 4 multiplets of this type can be constructed by modifying
the ζ and ξ dependence. In particular, one can consider a complex multiplet
with periodicity k = 1 (cf. (14)); a quick analysis shows no interesting new
features.
3 Conclusions
We have found a new class of N = 4 multiplets that have no chiral
or twisted chiral N = 2 component superfields. It is known that general
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WZWN-models cannot be described in extended superspace in terms of only
chiral and twisted chiral superfields [3]; it was hoped that multiplets, in-
troduced in [6], with semi-chiral and semi-antichiral superfields as well as
chiral and twisted chiral superfield could be used. Recently, we have shown
that in many cases the description cannot involve any chiral or twisted chiral
superfields [4]; the new multiplets introduced here are thus the only known
candidates for describing WZWN-models in N = 4 superspace.
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